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Abstract – We study the inhomogeneous clustered regime of a freely cooling granular gas of
rough particles in two dimensions using large-scale event driven simulations and scaling arguments.
During collisions, rough particles dissipate energy in both the normal and tangential directions
of collision. In the inhomogeneous regime, translational kinetic energy and the rotational energy
decay with time t as power-laws t−θT and t−θR . We numerically determine θT ≈ 1 and θR ≈ 1.6,
independent of the coefficients of restitution. The inhomogeneous regime of the granular gas has
been argued to be describable by the ballistic aggregation problem, where particles coalesce on
contact. Using scaling arguments, we predict θT = 1 and θR = 1 for ballistic aggregation, θR
being different from that obtained for the rough granular gas. Simulations of ballistic aggregation
with rotational degrees of freedom are consistent with these exponents.
Introduction. – The freely cooling granular gas is
a collection of ballistic particles that undergo momentum
conserving inelastic collisions in the absence of any exter-
nal driving. It is the simplest system to study large scale
effects of inelasticity and has found application in varied
physical phenomena including modelling of dynamics of
granular systems [1–5], geophysical flows [6], large-scale
structure formation in the universe [7], and shock propa-
gation [8–10]. It also belongs to the general class of non-
equilibrium systems with limiting cases being amenable to
exact analysis [11, 12], and is an example of an ordering
system showing non-trivial coarsening behavior [13–16].
The dynamics of this system has close connection with
the shock dynamics of the well studied Burgers equa-
tion [11,17–20]. Of primary interest is the temporal evolu-
tion of the translational kinetic energy T (t) and rotational
energy R(t) at large times.
Realistic models of non-sliding collisions of hard spheres
involve two parameters: (a) the coefficient of normal resti-
tution r, quantifying the dissipation in the normal direc-
tion of collision, and (b) the coefficient of tangential resti-
tution β, quantifying the dissipation in tangential direc-
tion for collisions [21–25]. In most studies of the freely
cooling granular gas, the parameter β characterizing tan-
gential dissipation is ignored, and this simplified model is
referred to as the smooth granular gas (SGG). The rota-
tional energy of SGG is conserved, but the translational
kinetic energy decreases with time.
At initial times of the evolution of SGG, particles remain
homogeneously distributed and T (t) decreases with time t
as t−2 (Haff’s law) [26–30]. At later times, this regime
is destabilized by long wavelength fluctuations into an
inhomogeneous regime dominated by clustering of parti-
cles [31–33]. In this inhomogeneous regime, T (t) decreases
as a power law t−θT , where θT 6= 2 depends only on the
dimension d. Extensive simulations in one [34], two [35]
and three [36] dimensions show that, for large times and
r < 1, the system resembles a sticky gas (r → 0) such
that colliding particles effectively coalesce and form ag-
gregates, thus resembling the well studied ballistic aggre-
gation model (BA). A scaling analysis of BA for spherical
aggregates in the dilute limit predicts θT = 2d/(d+2) [37].
Simulations of SGG in one, two and three dimensions are
in excellent agreement with this result [34–36]. Surpris-
ingly, θT for BA depends on the density and converges to
the above expression only in the dense limit [36, 38, 39].
Since the derivation in Ref. [37] assumes the dilute limit
and ignores velocity correlations, it has been argued that
the energy decay in the SGG being described accurately
by θT = 2d/(d+ 2) is a coincidence [36, 38, 39].
When the collisions include tangential dissipation β, the
translational and rotational modes are no longer indepen-
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dent of each other [40–48]. We call this model the rough
granular gas (RGG). Studies of RGG have been limited
to the homogeneous regime. In this regime, kinetic the-
ory [40–45] and simulations [44,45] show that both trans-
lational energy T (t) and rotational energy R(t) decreases
at t−2. However, the partitioning of energy into the ro-
tational and translational modes does not follow equilib-
rium equipartitioning, and depends on both r and β. In
addition, the directions of the translational and angular
velocities of a particle were found to be strongly corre-
lated [46, 49].
The inhomogeneous clustered regime of RGG is poorly
studied. In this paper, we study the inhomogeneous
regime of two dimensional RGG using large scale event
driven molecular dynamics simulations. Let T (t) ∼ t−θT
and R(t) ∼ t−θR in this regime. We show that θT is inde-
pendent of β and is the same as that for SGG, i.e., θT ≈ 1.
The exponent θR is also shown to be independent of the
choice of r and β, |β| < 1 and to be θR = 1.60 ± 0.04,
different from θR = 2 in the homogeneous regime. Thus,
unlike the homogeneous regime, the two exponents θT ,
θR differ from each other. These exponents are compared
with the corresponding exponents for BA with rotational
degree of freedom. The translational energy of BA is in-
dependent of its rotational degrees of freedom and hence
θT ≈ 1 for large enough initial densities [39]. Numer-
ically, we find that θR ≈ 1 for BA. We conclude that
the large time limit of RGG is different from that of BA,
even though clustering is present. Finally, we extend the
scaling arguments of Ref. [37] to BA with rotational de-
gree of freedom. The scaling arguments predict θR = 1
in two dimensions. This is clearly in contradiction with
the numerically obtained value of 1.6± 0.04. This further
supports the view [36,38,39] that the energy decay in the
SGG being described accurately by θT = 2d/(d + 2) is a
coincidence.
Model and Collision Laws. – Consider a system
of N hard disks confined in a two-dimensional volume of
linear length L with periodic boundary conditions in both
directions. To each particle i located at ~ri, we associate a
velocity ~vi, an angular velocity ~ωi, a mass mi and a radius
ai. The moment of inertia is given by Ii = qmia
2
i , where
q = 1/2 for a disk. A particle moves ballistically till it
collides with another particle.
We first define the collision law in the RGG model. All
particles are considered identical, i.e., mi = m and ai = a
for all i. Consider a collision between two particles i and
j, moving with velocities ~vi, ~vj and angular velocities ~ωi,
~ωj. The relative velocity ~gij , between i and j of the point
of contact is
~gij = (~vi − ~ωi × a~e)− (~vj + ~ωj × a~e), (1)
where ~e is the unit vector pointing from the center of parti-
cle j to center of particle i. We denote the normal and tan-
gential components of ~gij by ~g
n
ij and ~g
t
ij respectively. The
dissipation in normal and tangential directions is quanti-
fied by a coefficient of normal restitution r and a coefficient
of tangential restitution β, defined through the constitu-
tive equations [50]:
(~g nij)
′ = −r~g nij , 0 ≤ r ≤ 1, (2)
(~g tij)
′ = −β~g tij , −1 ≤ β ≤ 1, (3)
where the primed symbols denote the post-collision values.
Equations (2) and (3), combined with linear and angular
momentum conservation for hard spheres, yield the post-
collision velocities as
~v ′i,j = ~vi,j ∓
1 + r
2
~g nij ∓
q(β + 1)
2(q + 1)
~g tij , (4)
~ω ′i,j = ~ωi,j +
β + 1
2a(q + 1)
(~e × ~g tij). (5)
Translational kinetic energy and rotational energy are
both conserved only when r = 1(elastic) and β = −1.
In this paper, we assume r and β to be constant, indepen-
dent of the relative velocity of collision.
In the BA model, particles move ballistically and on
collision merge to become a new particle, whose shape is
assumed to be spherical. Consider the collision between
particles i and j. The mass m′ of the new particle is given
by mass conservation
m′ = mi +mj , (6)
and its velocity ~v′ is given by linear momentum conserva-
tion
m′~v′ = mi~vi +mj~vj . (7)
The radius a′ of the new particle is obtained from vol-
ume conservation: a′ 2 = a2i + a
2
j . The position
~r′ of the
new particle is obtained from the conservation of center of
mass:
m′~r′ = mi~ri +mj~rj . (8)
The new angular velocity ~ω′ is obtained from conservation
of angular momentum. Let I ′ = qm′a′2 be the moment of
inertia of the new particle. Then,
I ′ ~ω′ = Ii~ωi + Ij~ωj +
mimj
mi +mj
(~ri − ~rj)× (~vi − ~vj). (9)
Equations (6)–(9) completely determine the mass, posi-
tion, velocity and angular velocity of the new particle.
The quantities of interest in this paper are the transla-
tional and rotational energy defined as
T (t) =
1
K
S(t)∑
i=1
1
2
miv
2
i (t), (10)
R(t) =
1
K
S(t)∑
i=1
1
2
Iiω
2
i (t), (11)
where these energies are scaled by the initial translational
energy K = T (0) and S(t) is the total number of particles
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in the system at time t. For RGG, S(t) = N , while for
BA it decreases with time.
We simulate both RGG and BA in two dimensions using
event driven molecular dynamics simulations [51]. Inelas-
tic collapse [52, 53] is avoided by making collisions elas-
tic when the relative velocity of the colliding particles is
less than a cutoff δ [34]. This cutoff velocity introduces a
timescale beyond which collisions are mostly elastic, and
the systems crosses over to a new regime where energy
is a constant. In our simulations, we choose δ = 10−5
for which we check that this crossover timescale is much
larger than the largest time in our simulations. Thus, the
results presented in the paper are independent of δ.
The initial mass and diameter of the disks are taken to
be unity. The particles are initially uniformly distributed,
and the translational and angular velocities are drawn
from a Gaussian distribution with mean zero and vari-
ance 1 and 8 respectively. The variances are such that
T (0) = 2R(0). Thus, energy is equipartitioned between
all three modes as one would expect in equilibrium. The
results in this paper are for systems of N = 1562500 par-
ticles and L = 2500 (volume fraction = 0.20).
Scaling theory for rotational energy in ballistic
aggregation. – The exponent θR for BA may be de-
termined using scaling arguments. In BA, particles form
spherical aggregates on collision. We first recapitulate
the calculation of θT = 2d/(d + 2) [37] as outlined in
Refs. [38, 54]. Let n be the number density. It evolves
in time as
dn
dt
= −
n
τ
, (12)
where τ is the mean collision time. In d dimensions,
1
τ
∼ nvrmsR
d−1
t , (13)
where vrms is the root mean squared velocity and Rt is
the radius of a typical aggregate at time t. Since total
mass is conserved, Mtn ∼ 1 or equivalently Rt ∼ n
−1/d.
Substituting for τ from Eq. (13) in Eq. (12),
dn
dt
∼ −n1+1/dvrms. (14)
The dependence of vrms on Mt is required. An aggre-
gate of mass Mt is formed by aggregation of Mt parti-
cles of mass 1. Conservation of linear momentum, com-
bined with the assumption of uncorrelated momenta, gives
Mtvrms ∼M
1/2
t , or vrms ∼ n
1/2. Substituting for vrms in
Eq. (14), we obtain
n(t) ∼ t−2d/(d+2). (15)
The scaling of root mean square angular velocity ωrms
with time t may be obtained from conservation of angular
momentum. If two particles i and j of masses mi, mj
at ~ri, ~rj , moving with velocities ~vi, ~vj , angular velocities
~ωi, ~ωj , and moment of inertia Ii and Ij collide to form a
particle of mass m′ at ~r′ with velocity ~v′, and moment of
inertia I ′, then its angular velocity ~ω′ is given by Eq. (9).
Let ωrms be the root mean square angular velocity of
the typical particle whose moment of inertia is It ∼MtR
2
t .
In Eq. (9), there are three terms on the right hand side.
We first assume that the right hand side is dominated by
the first two terms. Then the angular momentum Itωrms
is a sum ofMt random variables of mean zero and variance
order 1, giving
Itωrms ∼
√
Mt. (16)
or equivalently ωrms ∼ M
−(d+4)/(2d)
t . But the rotational
energy R(t) scales as R ∼ nItω
2
rms. Simplifying, we ob-
tain R ∼ t−2, independent of dimension. We now assume
that the right hand side of Eq. (9) is dominated by the
third term. Then, clearly Itωrms ∼ MtRtvrms. Using
Mtn ∼ 1, we obtain ωrms ∼ n
(d+2)/(2d) ∼ t−1. The ro-
tational energy Itω
2
rms now scales as t
−2d/(d+2). This has
a slower decay in time than t−2 obtained from assuming
that Eq. (9) is dominated by the first two terms. The ki-
netic energy T ∼ nMtv
2
rms and rotational energy R are
thus given by
T ∼ t−2d/(d+2), (17)
R ∼ t−2d/(d+2), (18)
implying that θT = θR = 2d/(d + 2). Thus, one expects
that the ratio of the two energies is a constant in the clus-
tered inhomogeneous regime as it is in the homogeneous
regime.
Simulation Results. –
Rough granular gas (RGG). We now present results
for RGG obtained from numerical simulations. Figure 1
shows the temporal evolution of translational kinetic en-
ergy T (t). Here, the coefficient of normal restitution
r = 0.1. For this value of r, the homogeneous regime is
short lived. The crossover time from the homogeneous to
inhomogeneous regime depends on β, the crossover time
increasing with |β|. This is expected as increasing |β| cor-
respond to decreasing dissipation, and hence a longer ho-
mogeneous regime. For β < 0, the dependence of the
crossover time on β is very weak. For all values of β, the
data is consistent with θT = 1 (see Fig. 1), same as that
obtained for SGG [35]. We check that the θT remains the
same for r = 0.5 and r = 1.0 (but |β| < 1). We con-
clude that θT for RGG is independent of the values of
both r and β. These extend the results obtained earlier
for SGG (β = −1), where θT was shown to be independent
of r [34–36].
Figures 2 and 3 show the temporal evolution of rota-
tional energy R(t) for β > 0 and β < 0 respectively. The
crossover to inhomogeneous regime occurs at a much later
time when compared with T (t). A signature of this differ-
ence in crossover times was observed in Ref. [45], where T
was found to deviate from the homogeneous cooling behav-
ior of t−2 decay, while R still followed it. We also observe
p-3
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Fig. 1: (Color online) Time evolution of translational kinetic
energy T (t) for RGG when (a) β > 0 and (b) β < 0 for fixed
r = 0.10.
that the crossover times are much larger for β < 0 as com-
pared to that β > 0. When β = −1, R(t) is conserved. At
large times, the data for R(t) are completely independent
of β (see Figs. 2 and 3). We estimate θR = 1.60± 0.04.
We also confirm that θR is independent of r. In Fig. 4,
we show the dependence of R(t) on r by varying r and
keeping β = 0.60 fixed. R(t), while decaying with a r-
independent exponent, now has a r-dependent pre-factor.
Thus, we conclude that at large times, R(t) ≃ A(r)t−θR ,
where θR ≈ 1.60 is independent of r and β.
Ballistic aggregation (BA). We now present the re-
sults from numerical simulations of BA. In these simula-
tions, whenever two particles collide we replace them with
a single spherical particle conserving mass, volume, linear
and angular momenta as described in Eqs. (6)–(9). If the
new particle overlaps with another particle, then these two
particles aggregate. Thus, a collision between two parti-
cles may give rise to a chain of aggregation events.
For BA, it is easy to check from Eqs. (6) and (7) that
including rotational degrees of freedom does not affect the
translational kinetic energy T (t). That being the case,
we expect that θT for the rough BA to be identical to
that for the smooth BA. The numerical values of θT for
the rough BA for different initial volume fraction φ are
tabulated in the second column of Table 1. θT depends
weakly on φ [36,38,39], and approaches 1 with increasing
φ. θT = 1 for BA is consistent with the scaling arguments
[see Eq. (18)], and is equal to θT for RGG.
The variation of the rotational kinetic energy R(t) for
BA with time t is shown in Fig. 5. Similar to θT , θR
also decreases with increasing volume fraction φ (see third
column of Table 1). With increasing φ, θR converges to a
value very close to 1, different from that obtained for RGG.
Note that the scaling argument for BA predicts θR = 1
(see Eq. 18).
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Fig. 2: (Color online) Time evolution of rotational energy R(t)
of RGG for β > 0 and fixed r = 0.10.
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Fig. 3: (Color online) Time evolution of rotational energy R(t)
of RGG for β < 0 and fixed r = 0.10 in RGG.
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Fig. 4: (Color online) Time evolution of rotational energy R(t)
of RGG for different r and fixed β = 0.60.
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Table 1: Dependence of exponents θT and θR on volume frac-
tion φ in the BA model.
φ θT θR
0.008 1.12-1.13 1.10-1.12
0.079 1.05-1.06 1.07-1.08
0.196 1.01-1.02 1.03-1.04
0.393 1.01-1.02 1.00-1.01
Conclusion and discussion. – To summarize, we
investigated the large time behavior of a freely cooling
rough granular gas in two dimensions using event-driven
simulations. Each collision dissipates energy in both the
normal and tangential directions. We showed that in the
clustered inhomogeneous regime, both the translational
kinetic energy T (t) and the rotational energy R(t) decay
with time t as power-lawsAT t
−θT and ARt
−θR where θT ≈
1.0, and θR ≈ 1.6. These exponents are universal and
independent of r and β. Within numerical errors, AT is
also independent of r and β, while AR depends only on r.
For ballistic aggregation with rotational degree of freedom,
wherein particles coalesce on contact, we find that θT ≈
1.0 and θR ≈ 1.0 for large enough initial volume fraction φ.
By extending an earlier scaling theory for BA, we obtain
θR = 1, consistent with the numerically obtained value.
Kinetic theory for granular gases predicts that
R(t)/T (t) tends to a non-zero constant that depends on
r and β [43–45]. In the inhomogeneous regime, since
θT < θR for the rough granular gas , the ratio R(t)/T (t)
tends to zero at large times. Violation of kinetic theory
is not surprising given that it assumes that particles are
homogeneously distributed, which is not the case in the
inhomogeneous regime.
It has been earlier shown that in the homogeneous
regime, the directions of the angular velocity and trans-
lational velocity are correlated [46]. It would be interest-
ing to see whether this holds true in the inhomogeneous
regime in three dimensions. Unfortunately, simulations in
three dimensions have strong finite size effects [36] and at
the same time the crossover time from the homogeneous
regime to inhomogeneous regime for the rotational energy
is large. This makes it difficult to obtain a large enough
temporal regime where one may test for correlation. This
is a promising area for future study.
The clustered regime of the freely cooling granular gas
has been often thought to be describable by the large time
behavior of the ballistic aggregation model. This analogy
has been reinforced in particular by the fact that, within
numerical error, energy decay in both systems is the same
in one, two and three dimensions [34–36]. However, it has
been shown that correlation functions that capture spatial
distribution of particles and the velocity distributions in
the granular gas are different from that of BA [14,36]. In
particular, it has been argued that a coarse grained model
10-6
10-4
10-2
101 102 103 104 105
R
(t)
t
t-1.12
t-1.00
φ = 0.008
φ = 0.079
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φ = 0.393
Fig. 5: (Color online) Time evolution of the rotational energy
R(t) of BA for different volume fractions φ.
with aggregation and fragmentation is more suitable to
study the clustered regime than one of pure aggregation
as in the BA model [16]. Here, the fact that the rotational
energies in the two models decay with two exponents is fur-
ther evidence that the analogy should be used with care.
In the scaling arguments presented in this paper and
in Ref. [37], the correlations between velocities of collid-
ing particles are ignored. Therefore, it has often been ar-
gued that the efficacy of the scaling arguments is a coinci-
dence [38,39]. In this paper, we showed that the extension
of the scaling arguments to rotational energies correctly
predict the numerical results for BA, albeit for larger vol-
ume fractions φ. We conclude that the scaling arguments
are quite robust, rather the connection to granular gas is
more suspect.
∗ ∗ ∗
The simulations were carried out on the supercomput-
ing machine Annapurna at The Institute of Mathematical
Sciences.
REFERENCES
[1] Aranson I. S. and Tsimring L. S., Rev. Mod. Phys., 78
(2006) 641.
[2] Jaeger H. M., Nagel S. R. and Behringer R. P., Rev.
Mod. Phys., 68 (1996) 1259.
[3] Po¨schel T. and Luding S., (Editors) Granular Gases
(Springer, Berlin) 2001.
[4] Po¨schel T. and Brilliantov N. V., (Editors) Granular
Gas Dynamics (Springer, Berlin) 2003.
[5] Brilliantov N. V. and Po¨schel T., Kinetic Theory of
Granular Gases (Oxford University Press, Oxford) 2004.
[6] Campbell C. S., Annual Review of Fluid Mechanics, 22
(1990) 57.
[7] Shandarin S. F. and Zeldovich Y. B., Rev. Mod.
Phys., 61 (1989) 185.
p-5
Sudhir N. Pathak et al.
[8] Boudet J. F., Cassagne J. and Kellay H., Phys. Rev.
Lett., 103 (2009) 224501.
[9] Jabeen Z., Rajesh R. and Ray P., Eur. Phys. Lett., 89
(2010) 34001.
[10] Pathak S. N., Jabeen Z., Ray P. and Rajesh R., Phys.
Rev. E, 85 (2012) 061301.
[11] Frachebourg L., Phys. Rev. Lett., 82 (1999) 1502.
[12] Majumdar S. N., Mallick K. and Sabhapandit S.,
Phys. Rev. E, 79 (2009) 021109.
[13] Das S. K. and Puri S., Phys. Rev. E, 68 (2003) 011302.
[14] Shinde M., Das D. and Rajesh R., Phys. Rev. Lett., 99
(2007) 234505.
[15] Shinde M., Das D. and Rajesh R., Phys. Rev. E, 79
(2009) 021303.
[16] Shinde M., Das D. and Rajesh R., Phys. Rev. E, 84
(2011) 031310.
[17] Frachebourg L., Martin P. A. and Piasecki J., Phys-
ica A, 279 (2000) 69.
[18] Tribe R. and Zaboronski O., Comm. Math. Phys., 212
(2000) 415.
[19] Kida S., J. Fluid Mech., 93 (1979) 337.
[20] Dey S., Das D. and Rajesh R., Eur. Phys. Lett., 93
(2011) 44001.
[21] Walton O. R., in Particulate Two-Phase Flow (edited
by M. C. Roco (Butterworth-Heinemann), Boston) 1993.
[22] Zeppelius A., Physica A, 369 (2006) 143 .
[23] Foerster S. F., Louge M. Y., Chang H. and Allia
K., Phys. Fluids, 6 (1994) 1108.
[24] Herbst O., Huthmann M. and Zippelius A., Granular
Matter, 2 (2000) 211.
[25] Goldhirsch I., Noskowicz S. H. and Bar-Lev O.,
Phys. Rev. Lett., 95 (2005) 068002.
[26] Haff P. K., J. Fluid Mech., 134 (1983) 401.
[27] Esipov S. E. and Po¨schel T., J. Stat. Phys., 86 (1997)
1385.
[28] Maaß C. C., Isert N., Maret G. and Aegerter
C. M., Phys. Rev. Lett., 100 (2008) 248001.
[29] Tatsumi S., Murayama Y., Hayakawa H. and Sano
M., J. Fluid. Mech., 641 (2009) 521.
[30] Grasselli Y., Bossis G. and Goutallier G., Euro.
Phys. Lett., 86 (2009) 60007.
[31] Goldhirsch I. and Zanetti G., Phys. Rev. Lett., 70
(1993) 1619.
[32] McNamara S. and Young W. R., Phys. Rev. E, 53
(1996) 5089.
[33] Efrati E., Livne E. andMeerson B., Phys. Rev. Lett.,
94 (2005) 088001.
[34] Ben-Naim E., Chen S. Y., Doolen G. D. and Redner
S., Phys. Rev. Lett., 83 (1999) 4069.
[35] Nie X., Ben-Naim E. and Chen S., Phys. Rev. Lett., 89
(2002) 204301.
[36] Pathak S. N., Jabeen Z., Das D. and Rajesh R., Phys.
Rev. Lett., 112 (2014) 038001.
[37] Carnevale G. F., Pomeau Y. and Young W. R., Phys.
Rev. Lett., 64 (1990) 2913.
[38] Trizac E. and Krapivsky P. L., Phys. Rev. Lett., 91
(2003) 218302.
[39] Trizac E. and Hansen J.-P., Phys. Rev. Lett., 74 (1995)
4114.
[40] Jenkins J. T. and Richman M. W., Phys. Fluids, 28
(1985) 3485.
[41] Lun C. K. K., J. Fluid Mech., 233 (1991) 539.
[42] Goldshtein A. and Shapiro M., J. Fluid Mech., 282
(1995) 75.
[43] Huthmann M. and Zippelius A., Phys. Rev. E, 56
(1997) R6275.
[44] McNamara S. and Luding S., Phys. Rev. E, 58 (1998)
2247.
[45] Luding S., Huthmann M., McNamara S. and Zip-
pelius A., Phys. Rev. E, 58 (1998) 3416.
[46] Brilliantov N. V., Po¨schel T., Kranz W. T. and
Zippelius A., Phys. Rev. Lett., 98 (2007) 128001.
[47] Gayen B. and Alam M., Phys. Rev. Lett., 100 (2008)
068002.
[48] Ben-Naim E. and Zippelius A., J. Stat. Phys., 129
(2007) 677.
[49] Rongali R. and Alam M., Phys. Rev. E, 89 (2014)
062201.
[50] Po¨schel T. and Schwager T., Computational Granular
Dynamics (Springer, Berlin) 2004.
[51] Rapaport D. C., The Art of Molecular Dynamics Sim-
ulations (Cambridge University Press, Cambridge) 2004.
[52] McNamara S. and Young W. R., Phys. Fluids. A, 4
(1992) 496.
[53] McNamara S. and Young W. R., Phys. Rev. E, 50
(1994) R28.
[54] Ben-Naim E., Krapivsky P. L., Leyvraz F. and Red-
ner S., J. Phys. Chem., 98 (1994) 7284.
p-6
